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Introduction

The most well-known and widely used approaches to GLOBAL Finsler geome-
try are the Klein-Grifone (KG-) approach (cf. [4], [5], [7]) and the pullback (PB-)
approach (cf. [I, [3], [8], [12]). The universe of the first approach is the tangent
bundle of TM (i.e, gy : TT M — T M), whereas the universe of the second is the
pullback of the tangent bundle TM by 7 : TM — M (i.e., P: 7 Y (TM) — TM).
Each of the two approaches has its own geometry which differs significantly from the
geometry of the other (in spite of the existence of some links between them).

The theory of connections is an important field of differential geometry. It was
initially developed to solve pure geometrical problems. The most important linear
connections in Finsler geometry were studied locally in [2], [9], [10], [L1]....etc.

In [13], we have introduced and investigated new intrinsic proofs of intrinsic
versions of the existence and uniqueness theorems for the Cartan and Berwald con-
nections on a Finsler manifold (M, L). On the other hand, there are other connections
of particular important in Finsler geometry, namely Chern and Hashiguchi connec-
tions. To the best of our knowledge, there is no proof of the existence and uniqueness
theorems for the Chern and Hashiguchi connections from a purely global perspective.

The main purpose of the present paper is to provide intrinsic (coordinate-free)
proofs of the existence and uniqueness theorems for the Chern and Hashiguchi con-
nections within the pullback formalism, making simultaneous use of some concepts
and results from the KG-approach. These proofs have the advantages of being simple,
systematic and parallel to and guided by the Reimannian case.

The paper consists of three parts preceded by an introductory section (§1), which
provides a brief account of the basic definitions and concepts necessary for this work.
For more details, we refer to [12], [3], [4] and [5].

In the first part (§2), we review the fundamental results concerning the exis-
tence and uniqueness theorems for the Cartan and Berwald connections on a Finsler
manifold (M, L) [13]. From these results, the relationships between the curvature
tensors associated with the Berwald connection D° and the Cartan connection V are
obtained.

The second part (§3) is devoted to an intrinsic proof of the existence and unique-
ness theorem of the Chern connection on a Finsler manifold (M, L) (Theorem [3.6]).
For the Chern connection, it is shown that the associated nonlinear connection coin-
cides with the Barthel connection (Theorem [B.1]). This establishes an important link
between the PB-approach and the KG-approach. Moreover, the relationship between
this connection and the Cartan connection is obtained (Theorem B.7]).

The third and last part (§4) provides an intrinsic proof of the existence and
uniqueness theorem of the Hashiguchi connection on (M, L) (Theorem [A.3]). The
associated nonlinear connection is shown to coincide with the Barthel connection
(Theorem [A.1]). As in the previous section, the relationship between this connection
and the Cartan connection is obtained (Theorem [.7]).

We have to emphasize that without the insertion of the KG-approach, we would
have been unable to achieve these results. It should also be pointed out that the
present work is formulated in a prospective modern coordinate-free form; the local
expressions of the obtained results, when calculated, coincide with the existing clas-
sical local results.



Finally, for the sake of completeness and for comparison reasons, we provide two
appendices, one of them presenting a global survey of canonical linear connections in
Finsler geometry and the other presenting a local survey of our global approach. .

1. Notation and Preliminaries

In this section, we give a brief account of the basic concepts of the pullback
formalism necessary for this work. For more details, we refer to [1], [3], [§] and [12].
We make the assumption that the geometric objects we consider are of class C*.
The following notation will be used throughout this paper:

M: a paracompact real differentiable manifold of finite dimension n and of class C*°,
§(M): the R-algebra of differentiable functions on M,

X(M): the F(M)-module of vector fields on M,

my 2 T'M — M: the tangent bundle of M,

m:TM — M: the subbundle of nonzero vectors tangent to M,

V(T'M): the vertical subbundle of the bundle TT M,

P:7m Y TM) — TM : the pullback of the tangent bundle TM by ,
X(m(M)): the (T M)-module of differentiable sections of 7 (T'M),

ix : the interior product with respect to X € X(M),

df : the exterior derivative of f,

dy, := [ig,d], i, being the interior derivative with respect to a vector form L.

Elements of X(7(M)) will be called m-vector fields and will be denoted by barred
letters X. Tensor fields on 7=1(T'M) will be called 7-tensor fields. The fundamental
m-vector field is the m-vector field 77 defined by 7j(u) = (u,u) for all w € T M.

We have the following short exact sequence of vector bundles, relating the tangent
bundle T(7 M) and the pullback bundle 7 (T'M):

0 — 7 Y TM) L T(TM) 25 771 (TM) — 0,
where the bundle morphisms p and v are defined respectively by p := (77, dm) and

y(u,v) := ju(v), where j, is the natural isomorphism j, : Ty, )M — Tu(Tr,,)M).

™™ ™™

The vector 1-form J on T'M defined by J := yop is called the natural almost tangent
structure of M. The vertical vector field C on T'M defined by C := v o7 is called
the fundamental or the canonical (Liouville) vector field.

Let D be a linear connection (or simply a connection) on the pullback bundle
7Y (TM). We associate with D the map

K:TTM — 7 Y(TM) : X — Dx7,
called the connection (or the deflection) map of D. A tangent vector X € T,(7T M)
is said to be horizontal if K(X) =0 . The vector space H,(TM) ={X € T,(TM) :

K(X) = 0} of the horizontal vectors at v € T M is called the horizontal space to M
at u . The connection D is said to be regular if

T, (TM)=V,(TM)®d H,(TM) Yu € TM. (1.1)
If M is endowed with a regular connection, then the vector bundle maps
v Y (TM) — V(TM),
placrany - H(TM) — 7~ Y(TM),
Ky : V(TM) — 7 (T M)
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are vector bundle isomorphisms. Let us denote 3 := (p|g(rar)) ", then

d H(TM
ﬁop:{z ey on H(TM)

0 on V(TM) (12)

pof=ide1r,

The map ( will be called the horizontal map of the connection D.
According to the direct sum decomposition (1), a regular connection D gives
rise to a horizontal projector hp and a vertical projector vp, given by

h’D:ﬁop> 'UD:I_/@opa (13)

where I is the identity endomorphism on T(T'M): I = idprarn.
The (classical) torsion tensor T of the connection D is defined by

T(X,Y) = DxpY — DypX — p|X,Y] VX,Y € X(TM).

The horizontal ((h)h-) and mixed ((h)hv-) torsion tensors, denoted by @ and 7' re-
spectively, are defined by

Q(X.7) = T(FXHY), T(X,7) = T(+X,07) VX,¥ € x(x(M)).
If M is endowed with a metric g on 7= (T'M), we write

T(X,Y,7) = g(T(X.,7),Z). (1.4)
The (classical) curvature tensor K of the connection D is defined by
K(X, Y)pZ = —DnypZ -+ DyDXpZ + D[X7y]pZ \V/X, Y, Z € %(TM)

The horizontal (h-), mixed (hv-) and vertical (v-) curvature tensors, denoted by R,
P and S respectively, are defined by

R(X.Y)Z =K(BX8Y)Z, PX,Y)Z=K(BX,1Y)Z, SX.Y)Z=K(HX,7Y)Z.

The contracted curvature tensors, denoted by }A%, Pand S respectively, are also known

as the (v)h-, (v)hv- and (v)v-torsion tensors and are defined by
R(X,Y) = RX,Y)g, P(X.Y)=PX, V)7, S(X.Y)=5 V)7
If M is endowed with a metric g on 7= 1(T'M), we write

RX,Y,Z, W) = g(RX,V)Z,77), ---, S(X,

=

Z.W) = g(S(X,Y)Z,W). (1.5)

The following lemma is useful for subsequent use.

Lemma 1.1. For every linear connection D on m=Y(T' M) with (classical) torsion T
and (classical) curvature K, we have

() Gxr{K(X,Y)pZ + Dx T(Y, Z) + T(X.[Y, Z))} = 0,
(b) Sxyv.ADxK(Y.Z) - K(X,Y)D; - K([X.Y], 2)} =0,

where Sy z denotes cyclic sum over the vector fields X,Y and Z.
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We terminate this section by some concepts and results concerning the Klein-
Grifone approach. For more details, we refer to [4], [5] and [7].

A semispray on M is a vector field X on TM, C* on TM, C* on TM, such
that po X =7. A semispray X which is homogeneous of degree 2 in the directional
argument ([C, X| = X) is called a spray.

Proposition 1.2. [7] Let (M, L) be a Finsler manifold. The vector field G on T M
defined by i) = —dFE is a spray, where E := %L2 is the energy function and € .=
ddyE. Such a spray is called the canonical spray.

A nonlinear connection on M is a vector 1-form I" on TM, C* on TM, C° on
T M, such that
JI' = J, rJ=-—J.

The horizontal and vertical projectors hr and vr associated with I' are defined by
hr := (I +T), vp := 5(I —T). Thus I gives rise to the direct sum decomposition
TTM = HTM)®V(TM), where H(TM) := Imhyr = Kervp, V(TM) :=Imuvpr =
Ker hr. We have Johr = J, hroJ =0, Jovr =0, vproJ = J. A nonlinear
connection I' is homogeneous if [C,I'] = 0. The torsion ¢ of a nonlinear connection I
is the vector 2-form on T'M defined by ¢ := $[J,I']. The curvature of I' is the vector
2-form on TM defined by R := —3[hr, hr]. A nonlinear connection I' is said to be
conservative if d,. £ = 0. With any given nonlinear connection I', one can associate
a semispray S which is horizontal with respect to I', namely, S = hpS’, where S’ is
an arbitrary semispray. Moreover, if I' is homogeneous, then its associated semispray
is a spray.

Theorem 1.3. [5] On a Finsler manifold (M, L), there exists a unique conservative
homogenous nonlinear connection with zero torsion. It is given by:

I'=1[J,G],
where G s the canonical spray.

Such a nonlinear connection is called the canonical connection, or the Barthel con-
nection, associated with (M, L).

It should be noted that the semispray associated with the Barthel connection is
a spray, which is the canonical spray.

2. Cartan and Berwald connections in PB-formalism

In this section, we review the main results obtained in [I3]. It concerns the
spray and nonlinear connection associated with a regular connection on 7~ 1(TM)
and the existence and uniqueness theorems of Cartan and Berwald connections in
Finsler geometry. From these results, the relationships between the curvature tensors
associated with Berwald and Cartan connections are investigated.

Definition 2.1. Let D be a reqular connection on 7= (T M) with horizontal map [3.
— The semispray S = 3 on will be called the semispray associated with D.

— The nonlinear connection I' = 23 o p — I will be called the nonlinear connection
associated with D.



Proposition 2.2. Let (M, L) be a Finsler manifold. Let D be a regular connection
on =Y (T M) whose connection map is K and whose horizontal map is 3. Then, the
following assertions are equivalent:

(a) The (h)hv-torsion T of D has the property that T(X,n) = 0,
(b) K=~ on V(T'M),

(c) T :=fop—roK isanonlinear connection on M.

Consequently, if any one of the above assertions holds, then T coincides with
the nonlinear connection associated with D: I' =T = 280 p — I, and in this case
hF:hD:ﬂOp and UI‘:’UDI”)/OK.

Lemma 2.3. Let D be a regular connection on = (T'M) whose (h)hv-torsion tensor
T has the property that T'(X,7) = 0. Then, we have:

(a) [BX.0Y] =vR(X,Y) + B(DyxY — Dy X — Q(X,Y)),

(b) BX.AY] = —(P(Y.X) + Dy X) + B(D,5Y — T(X,Y)).
() HX.4Y) = +(D,xY — Dy X + 5(X,Y)).

The following theorem guarantees the existence and uniqueness of the Cartan
connection. This is the Finsler analogue of the fundamental theorem of Riemannian
geometry.

Theorem 2.4. Let (M, L) be a Finsler manifold and g the Finsler metric defined by
L. There exists a unique reqular connection ¥V on 7Y (TM) such that

(a) V is metric: Vg =0,
(b) The (h)h-torsion of V wvanishes: Q@ = 0,
(c) The (h)hv-torsion T of V satisfies: g(T(X,Y),Z) = g(T(X,Z),Y).
Such a connection is called the Cartan connection associated with the Finsler

manifold (M, L).
This connection is uniquely determined by the relations:

(i) 29(V.xY.Z) =X - g(Y, Z) + g(Y, pl6Z v X]) + 9(Z, p[y X, BY]).

(il) 20(VoxpY.pZ) = 6X - g(Y,Z) + BY - 9(Z,X) - BZ - 9(X.Y)
—9(X, plBY, BZ]) + g(Y, p[BZ, BX]) + g(Z, p[BX, BY]).
Concerning the nonlinear connection associated with the Cartan connection, we
have :

Theorem 2.5. Let V be the Cartan connection. The nonlinear connection I' associ-
ated with V coincides with the Barthel connection: I' = [J, G.

Concerning the existence and uniqueness of the Berwald connection, we have :

Theorem 2.6. Let (M, L) be a Finsler manifold. There ezists a unique reqular
connection D° on 7= 1(T M) such that

(a) D;JLOXL = 0)



(b) D¢ is torsion-free: T° =0,
(c) The (v)hv-torsion tensor P° of D° vanishes: 15;(7, Y)=0.

Such a connection is called the Berwald connection associated with the Finsler
manifold (M, L).

Proposition 2.7. The semispray associated with the Berwald connection is a spray
which coincides with the canonical spray. Moreover, the nonlinear connection associ-
ated with the Berwald connection coincides with the Barthel connection.

Theorem 2.8. The Berwald connection D° is explicitly expressed in terms of the
Cartan connection V in the form:

J— A~ J— J—

= VY + P(pX,Y) - T(KX.,Y). (2.1)

~l

Dx

In particular, we have

(a) nyYY = V7y7 ~-T(X,Y).
(b) D3Y = ViV + P(X.Y).
In view of the above theorem, we have:

Proposition 2.9. The Berwald connection D° has the properties:

(a) (Dix )Y, 2) =29(T(X.Y), 2).

~

(b) (Dix9)(Y,Z) = —29(P(X.Y), 2).
(c) Dgg=0.

Consequently,
— a Finsler manifold (M, L) is Riemannian if and only if D,‘;Yg =0.
— a Finsler manifold (M, L) is Landsbergian if and only if D;Yg =0.

Proposition 2.10. The Curvature tensor K of the Cartan connection V and The
Curvature tensor K° of the Berwald connection D° are related by :

K(X,Y)Z = K(X,Y)Z — P(T(X,Y),Z) - T(K[X,Y],Z) — 4xy {(VxP)(pY, Z)
—VxT(KY,Z) +T(KY,VxZ) + P(pX,P(pY,Z)) — P(pX,T(KY, Z))
+T(KX,T(KY,Z)) — T(KX, P(pY, Z))},

where Uxy A(X,Y) =A(X,Y) — AY, X).
In particular, we have
(a) S°(X,Y)Z =0.

(b) P°(X,Y)Z = P(X.Y)Z + (VyP)(X.Z) + P(T(Y,X),Z) + P(X,T(Y,Z))+
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Corollary 2.11.
(a) S°(X,Y) =0,
(b) P°(X,Y) =0,

(c) R°(X,Y) = R(

=
=

3. Chern (Rund) connection

In this section, we establish an intrinsic (coordinate-free) proof of the existence
and uniqueness theorem of Chern (Rund) connection. Moreover, the relationships
between this connection and the Cartan and Berwald connections are obtained.

We start with the following fundamental result.

Theorem 3.1. Let D° be a regular connection on ©= (T M) with connection map K°
such that

(@) (D% 9)(pY,pZ) = 29(T(K°X, pY'), pZ),
(b) D¢ is torsion free: T = 0.

Then, the nonlinear connection I'° associated with D° coincides with the Barthel con-
nection: I' = [J, G].

To prove this theorem, we need the following three lemmas.968

Lemma 3.2. The hv-curvature tensor P¢ of the connection D° is symmetric with
respect to the first and third arguments:

P(X,Y)Z =P°(Z,Y)X forall X,Y,Z € X(x(M)).

Proof. The proof follows from Lemma [[.Ti(a) by setting X = 3° X,Y = 9Y and
Z = (3*Z, noting that poy =0, po ° = idx(r) and that T® = 0. O

Lemma 3.3. The hv-curvature tensor P° of the connection D° has the property that

P(X,Y,Z, W)+ P°(X,V, W, 7) TV, 7, W) - 2T(P>(X,Y), Z, 7).

2(D5

Proof. We have

X-g(W,Z) = (Dxg)(W,Z) + g(DXW, Z) + g(W, DX Z).

From which, we obtain

X-(Y-gW,2)) = X-((Dyg)(W,Z)) + X - g(DyW, Z) + X - g(W, Dy, Z)
= X - (DY) (W, Z)) + (D% 9)(DYyW, Z) + (D% 9)(W, Dy Z)
+9(DDYW, Z) + g(DSW, D% Z) + g(DYW, Dy Z) +



with similar expression for Y - (X - g(W, Z)). Then,

(X, Y]-g(W,Z) = (DFX,Y]Q)(W

Hence, o o
gK(X,Y)Z W)+ g(K(X, Y)W, Z) =
= 2y {X - g(T(K°Y, W), Z) + g(T(K°X, DyW), Z) (3.1)
+g(T(KOX7 W)? D<}>/7>} - 2g(T(KO[X7 Y]7W)77)
From which, by setting X = 4°X and Y = ~Y into (3.I) and using Lemma 23] we
get

P(X,Y,Z,W) + P(X,Y,W,Z) = 20° X - T(V, W, %) - 2T(Y, D5, s W, 7)
—2T(Y, W, o x 7)) —2T(P*(X,Y),W,Z) —
~2T(D5, 5V, W, Z).

Hence, the result follows. O

Lemma 3.4. The (v)hv-torsion tensor pe given by :
pe (X,Y) = (DmﬁT)(Y,Y).

Consequently, P° s symmetric and PO(Y 7) = 0.

Proof. Firstly, one can easily show that

(D5 xTI(Y, Z, W) = g(D5. xT)(Y, Z), W). (3.2)

Cyclic permutation on X, Z, W in the formula of Lemma [3.3 yields three equations.
Adding two of these equations and subtracting the third gives
P(X,)Y,Z, W) = (DBQXT)(V Z, W)+ (Dﬁoz WY, W, X) — (Dge vV, X,Z)

+T(P(W,Y),X,Z) - T(P*(X,Y),Z,W) — T(P*(Z,Y),W,X).

Setting X = Z = 7 in (3.3), taking into account the properties of the (h)hv—
torsion 1" and the fact that K°o 3° = 0, we obtain

Ps(n,Y) =0, VY € X(x(M)). (3.4)

Again, setting Z = 7 in ([8.3) and now using (3.4) and ([3.2), we conclude that
Po(X,Y) = (D%, T)(X,Y). (3.5)
The symmetry of P° follows then from (B3) and the symmetry of T. O

Proof of Theorem [3.1l: B
As the (h)hv-torsion tensor 7 of the connection D® vanishes, then T°(X,7) = 0.
Consequently, by Proposition 2.2] it follows that the associated nonlinear connection

I"® has the form R
= [%0p — yoK°.

[0}



Now, we prove that the connection I' satisfies the following properties:

I is conservative: dy.xE =0, for all X € X(T M):
In fact, by condition (a), Dj.yg = 0. Taking this, together with the identities
2F = ¢(77,7) and K° o h® = 0 into account, we get

1
dpoxE =h°X - E = §hoX 9@, 1) = 9(Djox7, 1) = g(K°(h°X),7) = 0.

I'* ¢s homogenous ([C,I'°] =0):
It is easy to show that

[C,v°]X = —v°[C, h* X]
As1v® =750 K° h®=[°opand yo7j =C, then

[C,v]X = —(v 0 K°)[y7, B° pX]
Using Lemma 2.3 we obtain

[C.0°)X = (0 K){=v(P*(pX, 7)) + D 7)) + B° DypX }
= AP°(pX,T), as K°0B° =0 and K° o~ = idx(x(ar)-

Finally, by Lemma [3.4] f’;(X,ﬁ) = 0 and consequently, [C,I"*] = —2[C,v°] = 0.
I'* is torsion-free ([J,I°] =0):

[J,0°)(X,Y) = [JX,0°Y] + [0°X, JY] + 0°J[X, Y] + Jo°[X, Y]
—J°X, Y] = J[X,0°Y] = v°[JX, Y] = v°[X, JY].

As Jov® =0, v°oJ = J and the vertical distribution is completely integrable, we
get

[J0°)(X,Y) = JR°X, Y] — v°[J X, h°Y] — v°[h° X, JY]
= J[B° pX, B° pY] = v°[ypX, B° pY] + v°[ypY, B° pX].

From which, together with Lemma 2.3, we obtain

[’]7 UO] (X7 Y) = J{WRO(va pY) + 60 ( ?LOXPY - DonpX>}
—(v o KO{=y(P*(pY, pX) + DyypX) + 5° (DjxpY)}
+(v o KO{=y(P°(pX, pY) + DyoxpY) + 5° (DjypX)}
Noting that Jo~vy =0, Jo 3° =, K°ovy = idxxm)), K° o3° =0 and that pe
is symmetric (by Lemma [B.4]), it follows that [J,v°] = 0. From which ¢ := %[J, I =
—[J,v°] = 0.
From the above consideration, ' = 3° o p — v o K° is a conservative torsion-

free homogenous nonlinear connection. By the uniqueness of the Barthel connection
(Theorem [I3)), it follows that I'* coincides with the Barthel connection [J, G]. O

In view of Theorem [3.1, Theorem and Proposition 2.7, we have :
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Corollary 3.5. The nonlinear connection associated with the connection D°® is the
same as the nonlinear connection associated with the Cartan connection ¥V or the
Berwald connection D°, which coincides with the Barthel connection [J, G].
Consequently, h® =h® =h=[Fop, v©=v°=v =0 K and hence ° = 3° = 3,
K°=K° =K.

Now, we are in a position to announce the main result of this section.

Theorem 3.6. Let (M, L) be a Finsler manifold and g the Finsler metric defined by
L. There exists a unique reqular connection D° on w=Y(T' M) such that

(@) (D% 9)(pY, pZ) = 29(T(K°X, pY'), pZ),
(b) D¢ is torsion free: T° =0,
where T is the (h)hv-torsion of the Cartan connection and K¢ is the connection map

of D°.
This connection is called the Chern connection associated with (M, L).

Proof. First we prove the uniqueness. If D° is a non-metric linear connection on
71 (T M) with nonzero torsion T°, then D° is completely determined by :

29(D%pY, pZ) = X - g(pY,pZ) +Y - g(pZ, pX) — Z - g(pX, pY)
~g(pX. TV, 2) + g(pY. T(Z. X)) + gpZ T (X)) | (55
—9(pX, plY, Z]) + (oY, plZ, X]) + g(pZ, p| X, Y])
—(D% 9)(pY, pZ) — (D5 9)(pZ, pX) + (D7 9)(pX, pY').
for all X|Y,Z € X(7 M). The connection D° being regular, let h® and v® be its
horizontal and vertical projectors: h® = (3° o p, v° = I — (3° o p. From Corollary 3.5
we have h® =h = fopand v°=v =0 K.
Now, by replacing X,Y,Z by hX,hY,hZ in (3.6) and using conditions (a) and
(b), taking into account the fact that po h = p, K o h =0, we get

29(DyxpY,pZ) = hX - g(pY,pZ) + hY - g(pZ, pX) — hZ - g(pX, pY’)
—9(pX, plhY, hZ]) + g(pY, plhZ, hX]) + g(pZ, p|hX, hY]).

From which, together with Theorem 24(ii), we get
DS ypY = VaxpY. (3.7)

Similarly, by replacing X, Y, Z by vX,vY,vZ in (8.6), where vX = vX for some
X € X(n(M)) and using conditions (a) and (b), noting that pov = 0, we have

29(DyxpY, pZ) = vX - g(pY, pZ) + g(pY, plhZ,vX]) + g(pZ, plvX, hY]).
—(D3x 9)(pY, pZ) B B
=X - g(pY, pZ) + g(pY, plhZ, v X]) + g(pZ, p[7 X, hY]).
—29(T'(X, pY'), pZ).
From which, together with Theorem 2.4(i), we have

DixpY = Voxp¥ — T(KX, pY) = ploX, hY]. (3.8)

11



Now, from Equations (3.7) and (3.8)), we get
DY = VY - T(KX,Y). (3.9)

Hence D% pY is uniquely determined by Equations (3.9).

To show the existence, we define D® by the requirement that (3.9) holds for all
X,Y € X(TM). Now, we need to prove that the connection D satisfies the following
properties:

D¢ satisfies condition (a): By using ([8.9) and the properties of the Cartan
connection V, we get

(DS 9)Y,Z) = D% g(Y,Z) — g(DXY, Z) — g(Y, DX Z)
=X gV, Z)— g(VxY —T(KX,Y),Z) — g(Y,VxZ — T(KX, Z))
= (Vx9)(Y,2)+ g(T(KX,Y),Z) + ¢(Y,T(KX, Z))
= 29(T(KX,Y),Z) = 29(T(K°X,Y),Z).

D¢ satisfies condition (b): Again using (3.9)and the properties of the V, we get

T°(X,Y) = DpY — Dy pX — p[X,Y]
— VxpY —T(KX,pY) = VypX + T(KY, pX) = plX, Y]
=T(X,Y) - TwX,hY)+ T(vY,hX) = 0.
This completes the proof. O

It is to be noted that when we localize the above result, the local expressions
obtained coincide with the classical expressions found in [2], [6], [10]...etc. (c.f. Ap-
pendix 2).

In view of the above theorem, taking Theorem [2.§ into account, we have

Theorem 3.7. The Chern connection D° is given in terms of the Cartan connection
V (or the Berwald connection D°) by :

DY =VyY —T(KX,Y)= DY — P(pX,Y).

In particular, we have

(a) DiyY = V7y7 ~T(X,Y)=D°_Y.

(b) D Y VﬁXY D°_ Y — P(X,Y).

Corollary 3.8.

(a) (D%, 9)(¥.Z) =0,

(b) (Dixg)(Y,Z) =29(T(X.Y), 2).

Consequently, Finsler manifold (M, L) is Riemannian if, and only if, foyg = 0.

Concerning the curvature tensor of the Chern connection D°; we have:
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Proposition 3.9. The curvature tensor of the Chern connection D° is given, in terms
of the curvature tensor of the Cartan connection V, by :

K°(X,Y)Z = K(X,Y)Z — T(K[X.,Y],Z) + Uxy {VxT(KY, Z)
~T(KY,V+Z) - T(KX,T(KY,Z))}.

In particular, we have

(a) 5°(X.Y)Z =0.

(b) P°(X,Y)Z = P(X,Y)Z —~ T(P(X.Y),Z) + (VoxT) (Y, Z).
(c) R°(X,Y)Z =R(X,Y)Z-T(R(X,Y),Z).

Corollary 3.10.

(a) S°(X,Y) =0,

e
3
E
=
I
=)
™
=

4. Hashiguchi connection

In this section we establish an intrinsic proof of the existence and uniqueness
theorem of the Hashiguchi connection. Moreover, the relationship between this con-
nection and the Cartan connection V is obtained.

Theorem 4.1. Let (M, L) be a Finsler manifold and g the Finsler metric defined by
L. Let D* be a regular connection on = (T M) such that

(a) D* is vertically metric: D'<g=0,

(b) The (h)hv-torsion tensor T* of D* satisfies: g(T*(X,Y),Z) = g(T*(X,Z),Y),
(c) The (h)h-torsion of D* vanishes: Q* =0,

(d) The (v)hv-torsion of D* vanishes: P =

(e) Dj.xL =0, h* being the horizontal projector of D*.

Then, the nonlinear connection I'* associated with the connection D* coincides with
the Barthel connection : I' = [J, G].
To prove this theorem, we need the following lemma :

Lemma 4.2. Let (M, L) be a Finsler manifold. For a reqular connection D* on
7Y TM) satisfying conditions (a) and (b) of Theorem [[.1], the (h)hv-torsion of D*
coincides with the (h)hv-torsion of the Cartan connection: T* =T.
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Proof. The connection D* being regular, let h* and v* be the horizontal and vertical
projectors associated with the decomposition (L3): h* = f* o p,v* =1 — * o p.
As D* is non-metric with nonzero torsion T*, then D* is completely determined by
Equation (3:6) with D and T replaced by D* and T* respectively.
Replacing X,Y,Z by vX,h*Y,h*Z in (3.6) and using conditions (a) and (b),
taking into account the fact that poy =0 and po h* = p, we get
29(D2xpY, pZ) =X - g(pY, pZ) + g(pY, pll* Z, v X]) + g(pZ, ply X, R7Y]).  (4.1)

On the other hand, since the difference between two nonlinear connections is a
semi-basic vector form on T'M [4] and the vertical distribution is completely inte-
grable, then, noting that p(V(TM)) = 0, we get

plh*Z,vX] = p[hZ, 7 X], (4.2)
h being the horizontal projector of the Cartan connection (or the Barthel connection).
Now, from (41 and (4.2), using Theorem 2.4](i), we get
D,”;YY = V. xY.
Consequently, again by ([£2), we get T*(X,Y) = T(X,Y). O
Proof of theorem [4.1):

By Lemma [£2] T*(X,7) = 0 as T has the same property. From which, together
with Proposition2.2] it follows that K* = v~ on V(T'M) and the associated nonlinear
connection I'* is given by I = * o p — vy o K*.

Now, we prove that I'* has the following properties:

I'* is conservative: d,-FE(X)=h*X-FE = LD;. L =0, by condition (e).
['* 2s homogenous : one can easily show that

[C,v[(X) = [C, (K™ X)] = v(K™[C, 0" X]) — y(K™[C, h” X]).

From which, using Lemma and condition (d), noting that v o K* = idy(rar, K* o
f* =0 and [C,v*X] is vertical, we get

[C,v](X) = —(K7[C, i X]) = =y o K*([y7, 57pX])
= 0 K{=(D} 1) + F(DlgpX — T(7, pX))} = 0.
Therefore, [C,I'*] = —2[C,v*] = 0 and I'* is thus homogenous.
I'* is torsion-free: By the same argument as in the proof of Theorem [B], we have
[ ](X,Y) = J[B7pX, Y] = v [ypX, 57 pY ] + v [ypY, 57 pX].
From which, together with Lemma 2.3 and condition (c), we obtain
[T )(X,Y) = T (R (pX, pY)) + 5 (DjexpY — DioypX)}

—7 o K{=v(DjeypX) + B*(DjxpY — T(pX, pY))}
+7 0 K*{ =7 (DpxpY) + 8" (DypX = T(pY, pX))} = 0.

Hence ¢ := 1[J,I*] = —[J,v*] = 0.
By the uniqueness of the Barthel connection (Theorem [[.3]), [ coincides with the
Barthel connection I' = [J,G]. O
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Theorem 4.3. Let (M, L) be a Finsler manifold and g the Finsler metric defined
by L. There exists a unique reqular connection D* on w=Y(T'M) such that

(a) D* is vertically metric: D9 =0,
(b) The (h)hv-torsion T* of D* satisfies: g(T*(X,Y),Z) = g(T*(X,Z),Y),
(c) The (h)h-torsion of D* vanishes: Q* =0,
(d) The (v)hv-torsion of D* vanishes: P =
(e) D;.xL=0.
Such a connection is called the Hashiguchi connection associated with the Finsler
manifold (M, L).

Proof. First we prove the uniqueness. The connection D* being regular, let I'* be its
associated nonlinear connection and hA* and v* its horizontal and vertical projectors.
By Theorem [4.1] we have I'* =T" = [J, G], and consequently

vi=v=~v0K, h*=h=_[(op, K=K, p"=p. (4.3)

Also, by Lemma 2] we have T*(K X, pY)=T(KX,pY).
Consequently,
DY = VY. (4.4)
Now, using axiom (d), taking into account (43]), the definition of P* and the
identities K o J = p and K o h = 0, we get
0= P*(pX,pY) = K'(hX, JY ) = =D} x D57 + D3y Dy x + D x vyl
= — D pY + K[hX, JY).

Hence, .
Dy pY = K[hX, JY] = V[hX JY|N = VixpY + P(,OX pY) (45)
Consequently, (£.4]) and (4.5) imply that
DY = VXY + P(pX,Y), (4.6)

which uniquely determines the connection D*.

To prove the existence of D*, we define D* by (4.6]) and prove the following
properties:

D* satisfies condition (a): From (L), as poy =0, we get
DY =V, xY. Consequently, D’ g =V, xg=0, VX € X(m(M)).

D* satisfies coniition (b) B Aj Dr<pY = V., xpY, taking into account (42)), one
concludes that 7*(X,Y) = T(X,Y). T* has the property (b) as T" does.

D* satisfies conditions (c): Setting Y = 7 into (8], taking into account the
fact that P(X,7) = 0, it follows that K* = K. Since T*(X,7) = 0 (as T* = T),
we have v* = yo K* = vo K = v (by Proposition 22). Consequently, h* = h and
B* = (3. Hence, from (4.6]) and the property that Pis symmetric, one gets

Q'(X,Y) = Dyx¥ = Dy X — pl3'X, 37 = DV — DX — p[X., 57
= VxY + P(X,Y) — VX — P(Y,X) — p|3X, Y] = Q(X,Y) = 0.

15



D* satisfies condition (d): As K o3 =0 and P(X,7) =0, using (&6), we get

P*(X,Y) = P*(X,Y) = K*(BX,7Y)7]
= D;XD:YW + D::YD;XU + D[BX ~,Y DZYVVVﬁ + V[BY,VVW

= —VxV.57 — P(X,V.57) + Vigx77
= {~VexVoyT + Vigx yil} = PX.Y) = 0.
D* satisfies condition(e): As h* = h, then
LD;.xL =D;xE=hX-FE=2g(V,x7,7) = 0.
This complete the proof. O

It is to be noted that when we localize the above result, the local expressions
obtained coincide with the classical expressions found in [9], [6], [L0]...etc. (c.f. Ap-
pendix 2).

In view of the above theorem taking Theorem 2.8 into account, we have :

Theorem 4.4. The Hashiguchi connection D* is given in terms of the Cartan con-
nection (or the Berwald connection) by:

DY =VxY + P(pX,Y) = DY + T(KX,Y). (4.7)
In particular, we have

(a) DIV =V 5V = D2V + T(X,Y).

(b) DY = VexY + P(X.Y) =D Y
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Corollary 4.5. For every
(a) Dixg9 =0,

(b) (D30) (V. Z) = —29(P(X.Y),2).

Consequently, (M, L) is a Landsberg manifold if, and only if, D;Yg = 0.

Concerning the curvature tensors of the Hashiguchi connection D*, we have:

Proposition 4.6. The curvature tensor K* of the Hashiguchi connection D* is given
in terms of the curvature tensor K of the Cartan connection V by :

K (X,Y)Z = K(X,Y)Z — P(T(X,Y),Z) — Uxy{(VxP)(pY, Z) + P(pX, P(pY, Z))}.
In particular, we have

(a) S*(X,Y)Z =S(X,Y)Z.

(b) P(X,Y)Z = P(X.Y)Z+ P(I'(X,Y),Z) + (V.3 P)(X, 2).

~ ~

(c) R*(X.Y)Z = R(X,Y)Z — Uxy{(V4xP)Y,Z) + P(X,P(Y,Z))}.



Corollary 4.7.

(a) 5*(X,Y) =0.

~

(b) P*(X,Y)=0, P*(X, 7)Y =0, P, X)Y = -P(X.,Y).
(c) R*(X,Y)=RX,Y).
We terminate the paper by some comments :

e On a Finsler manifold (M, L), there are canonically associated four linear con-
nections: the Cartan connection NV (Thm. [2.4), the Chern connection D°
(Thm. [34), the Hashiguchi connection D* (Thm. [{.3) and the Berwald con-
nection D° (Thm. [2.4). The nonlinear connection associated with each of these
linear connections coincides with the Barthel connection.

e There are two methods by which a given Finsler connection is converted to some
other connection. From Theorem[3.7], we observe that the Chern connection D°
is obtained from the Cartan connection V by subtracting the (h)hv-torsion T
from its vertical counterpart. Moreover, from Theorem[4.4), we observe that the
Hashiguchi connection D* is obtained from the Cartan connection by adding the
(v)hv-torsion P to its horizontal counterpart. The former process is called the
C-process and the latter process is called the P'-process by M. Matsumoto [9].

Interestingly, the two processes commute with each other. If we apply to the Car-
tan connection the C-process followed by the P'-process, we obtain the Berwald
connection D° (passing by the Chern connection) (cf. Theorem [2.8). On the
other hand, if we apply the P'-process followed by the C-process, we also obtain
the Berwald connection (passing by the Hashiguchi connection). That is,

D° C-process D* P!-process \VA C-process D° Pl_process

DO
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Appendix 1. Intrinsic Comparison

The following tables establish a concise comparison concerning the canonical
linear connections in Finsler geometry as well as the fundamental geometric objects
associated with them.

Table 1.
connection Cartan: V Chern: D° Hashiguchi: D* Berwald: D°
v-counterpart V7Y7 D:Y? = V7Y7 -T(X,Y) D:Y? = V,YY? D:Y? = V7Y7 -T(X,Y)
h-counterpart VﬁYv D;?? = V[?YV D;’Y? = VﬁYv + P(X,Y) D;Y? = VﬁYv + P(X,Y)
(h)v-torsion 0 0 0
(h)hv-torsion T 0 T
(h)h-torsion 0 0 0
(v)v-torsion 0 0 0 0
(v)hv-torsion P=vgT P 0 0
(v)h-torsion R=—KR® R R R
v-curvature S 0 S 0
hv-curvature P P° P P
h-curvature R R® R R
v-metricity VX9 = 0 D:?g =29(T(X,.),.) D”;Yg =0 D:?g =29(7(X,.),.)
h-metricity Vﬁyg =0 DZY‘{] =0 D;Yg = —29(P(X,.),.) D;Yg = —29(P(X,.),.)
Table 2.
connection curvature tensors
Cartan v-curvature: S (% ?_)__:: —VVXVW?_Jr Vyyvyyz—i- V[,Yy7,yy}7_.
hv-curvature : P(i(,l/)_Z = =VxVoyZ + VoyVxZ + Vigx 1 x)Z-
h-carvature: R(X,Y)Z := —VxV5Z + Ve VxZ + Vx5 2.
Chern S(X,Y)Z =0
PO(Yv 7)7 = P(Yv 7)7 - (P(Yv 7)7 7) + (vng) (77 7)
R(X.Y)Z = R(X,Y)Z — T(R(X,Y),Z)
Hashiguchi S*(X,Y)Z =S(X,Y)Z
PHX.V)7 = P(X,Y)Z + P(T(X, V), 7) + (V.3 P)(X.7)
R(X.Y)Z = R(X,Y)Z — 4 s {(Vox P)(Y, Z) + P(X, P(Y, 2))}
Berwald S°(X,Y)Z = 0.
P(X.V)Z = P(X,Y)Z + (Vy P)(X.Z) + P(1(V. %), 2)+
PRIV Z) + (V1) (V. 7)—
R? (77 ?)7 = R<Y7 ?)7 - T(R(Yv ?)7 7) - uy,7{<vﬁXP) (?7 7)
+ P(X,P(Y,Z))}




Appendix 2. Local Comparison

For the sake of completeness, we present in this appendix a brief and concise
survey of the local expressions of the most important geometric objects treated in the
paper.

Let (U, (2%)) be a system of local coordinates on M and (7~ 1(U), (z,5")) the
associated system of local coordinates on T'M. We use the following notations:
(&-) := (52): the natural basis of T,M, z € M,

;) = ( yl). the natural basis of V,(TM), u € T M,

(@
(9, d;): the natural basis of T, (7T M), B
(0;): the natural basis of the fiber over u in 7=Y(T M) (9; is the lift of J; at u).

To a Finsler manifold (M, L), we associate the geometric objects :
gij = 18 9;L? = 9,0;E: the Finsler metric tensor,
G": thg components of the canonical spray,
Gi=0,G"
G’-L» =0, Gl = 9,0, G",
(8;) == (0; — G" O)): the basis of H,(T M) adapted to G”,
(6;,0;): the basis of T,(TM) = H,(TM) & V,(TM) adapted to Gh.

B We have:
7(81) :in ) _
p(9;) = 0i, p(0;) =0, p(d:;) =0,

ajiza,., J(0;) =0, J(&:;) =0, , ,
= fop =dx' @ 0; — GZ da? @ 0;,  vi= yoK =dy' ® 0; + G’ dr? @ 0;.

We define :
%hj = %ghg(ai 9ej + 0 gie — 00 gij),
CZ' : %9“(5@- gej + 5]‘ Gie — Oy 9ij) = %QM 0y 9ejs
F?j = %ghg(@' Gej + 05 Gie — 64 9ij)-

For a Finsler connection FT': ( FZ, N, Ch) we have two covariant derivatives:

The h-covariant derivative A;.‘ . given by A k= = O A + AT F: . — A F7,
The v-covariant derivative A%[; given by A;|k = O A’ + AT CZ — A}, CJL.

The canonical spray and the canonical connections in Finsler geometry are as
follows :
~ The canonical spray G: G" = 140 y' ¢/,

— The Barthel connection I': G = 9; G",
— The Cartan connection CT: ( T}, G, C}),

177

— The Chern (Rund) connection RI": ( T'% G"0),

177

~ The Hashiguchi connection HT: ( G, GI, Cl),

Y
— The Berwald connection BI': ( G, G!, 0),

’l]’

where G?j is given by : G?j = 8j 0, Gh = Fh + C']|ky = F + C']‘m C{‘ﬂo = C{‘ﬂkyk.

In the next table, we give the local expressions for the fundamental tensors asso-
ciated with the above linear connections.
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Table 3: Summary of local expressions

connection Cartan Chern Hashiguchi Berwald
(Fi;, N7, C})) (I, G Ch) (I, GE0) | (GE.GECh) | (G, GE,0)
(h)v-torsion 0 0 0 0
(h)hv-torsion i i
(h)h-torsion 0 0
(v)v-torsion 0 0 0 0
(v)hv-torsion Ph=Cio P 0 0
v-curvature Shx 0 Shx 0
hv-curvature Py Pl P Pl
h-curvature RU & Rzy % Rzy A ka
.. <& * o
v-metricity ijle =0 9ij1x=2C5k | 9iil;,=0 9ij 1= 2Ciji
h-metricity Gijik =0 g o = g » =—=2P | g . =—=2P
ij|k ij|k ijlk
. i o . i i * . . [} .
v-cov. derivative Al As =0 A | AY] = Al Ajl= 0 A
h-cov. derivative Al‘k Al = Ai.lk Al A, = A,
’ ik’ ilk ik jlk
The curvature tensors appeared in the above table are given by :
;zjk = Kiizjk + Ciisz?}w Piijk = akr%zj - C}izlc|j + Ciizm f/z»a szjk: = ﬂjk{C}Z}c Crinj}7
hgk = K;Lgka Pf;;k = 0O F%j»
Ry = {0 Gl + GI5 G} + Gl Ry Pl = 0Gly = €1 S = Sie
Rh]k - jk{5k G%j + Ghmj Gink}v Pf}k = Ok hj =+ ij,
where K}Zz]k = ﬂjk{ék F;zj + Fhm] Fzmk,} and ﬂjkAjk = Ajk — Akj-
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